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Parallel MRI Reconstruction Using Variance Partitioning
Regularization
Fa-Hsuan Lin,1,2* Fu-Nien Wang,3 Seppo P. Ahlfors,1,2 Matti S. Hämäläinen,1,2 and
John W. Belliveau1,2
Multiple receivers can be utilized to enhance the spatiotemporal resolution of MRI by employing the parallel imaging technique. Previously, we have reported the L-curve Tikhonov regularization technique to mitigate noise ampliﬁcation resulting
from the geometrical correlations between channels in a coil
array. Nevertheless, one major disadvantage of regularized image reconstruction is lengthy computational time in regularization parameter estimation. At a ﬁxed noise level, L-curve regularization parameter estimation was also found not to be robust
across repetitive measurements, particularly for low signal-tonoise ratio (SNR) acquisitions. Here we report a computationally efﬁcient and robust method to estimate the regularization
parameter by partitioning the variance of the noise-whitened
encoding matrix based on the estimated SNR of the aliased
pixel set in parallel MRI data. The proposed Variance Partitioning Regularization (VPR) method can improve computational
efﬁciency by 2–5-fold, depending on image matrix sizes and acceleration rates. Our anatomical and functional MRI results show
that the VPR method can be applied to both static and dynamic
MRI experiments to suppress noise ampliﬁcation in parallel MRI
reconstructions for improved image quality. Magn Reson Med
58:735–744, 2007. © 2007 Wiley-Liss, Inc.
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The recent development of parallel MRI acquisition can
enhance the spatiotemporal resolution of MRI in both anatomical and functional scans. Parallel MRI utilizes an RF
coil array to simultaneously acquire data from multiple
receivers, and acceleration is achieved by a reduced phaseencoding k-space trajectory. The nature of the subsampled
k-space trajectory requires the use of a reconstruction algorithm to restore aliased images into full ﬁeld-of-view
(FOV) images. Previously proposed reconstruction algorithms include the k-space-based SMASH method (1) and
the image domain-based SENSE approach (2). In addition
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to improving the spatiotemporal resolution, parallel MRI
can reduce the image distortion in echo-planar imaging
(EPI) (3) or diminish the acoustic noise by lowering gradient switching rates (4). Nevertheless, these advantages
come at the cost of lowered signal-to-noise ratio (SNR)
because the number of acquired data samples in parallel
MRI is reduced. In addition, reconstructing parallel MRI
acquisitions heavily depends on the independent information from each channel in an RF coil array. Correlations in
spatial information caused by the geometric arrangement
of the array element can deteriorate image quality. To
mitigate this issue, researchers have previously optimized
coil geometry (5) or improved the stability of the reconstruction algorithm. The increased noise originating from
correlated spatial information in the array elements can be
estimated based on the array geometry and quantiﬁed by a
geometric factor (g-factor) (2).
Previously, we proposed to minimize the g-factor by
using a full-FOV reference scan to provide prior information and to stabilize image reconstruction. The method
was based on the Tikhonov regularization framework (6) to
reduce the noise ampliﬁcation of parallel MRI reconstruction when the encoding matrix is ill-conditioned. Applying regularized SENSE imaging to anatomical and dynamic functional MRI of human brain reduced the noise
level and enabled higher detection power in acquisitions
with high acceleration rates (7,8). The importance of
choosing appropriate regularization parameters has also
been reported for different parallel MRI reconstruction
algorithms with versatility in the choice of prior information and a regularization parameter (9 –13). However, one
disadvantage of regularized parallel MRI reconstruction is
the computational time associated with regularization parameter estimation. In order to estimate a regularization
parameter, the L-curve approach requires an iterative
search for each set of aliased image pixels; each iteration
step involves calculations of prior error and model error
terms (7). As clearly demonstrated in this study, another
challenge of the L-curve method is instability. Given a
ﬁxed noise level, the regularization parameter estimated
by L-curve may vary signiﬁcantly, potentially due to an
ill-deﬁned “elbow” region in L-curve calculation. This
problem is particularly more prominent in low SNR acquisitions, where regularization is more crucial for suppressing noise in reconstruction.
The purpose of this study is to propose an alternative
method to calculate a regularization parameter in parallel
MRI reconstruction with improved computational efﬁciency and reduced variability in regularization parameter
estimation. In this article we present a fast and robust
method to estimate regularization parameters without an
iterative search. The SNR of the set of aliased pixels in
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parallel MRI data is estimated and used to partition the
singular value spectrum of the encoding matrix for regularization parameter estimation. Unlike other implementations of regularization parameter estimation algorithms
that utilize minimal heuristic intervention (12,13), the
Variance Partitioning Regularization (VPR) method introduced here is fully automatic and adapts to the noise level
of the acquired data. We evaluated the performance of VPR
in terms of the variability of the estimated regularization
parameter, the quality of the reconstructed image, and
computational time using anatomical and functional MRI
data.
THEORY
The process of generating a parallel MRI dataset can be
formulated as a linear operation to “fold” the full-FOV
spin density image:
y ⫽ Ax ⫹ n

[1]

Here y is a vertically stacked vector consisting of aliased
images on each channel in the array, ñ is the contaminating noise in the array channels, and x̃ is the vector representing the full-FOV image to be reconstructed. The encoding matrix A consists of the product of the aliasing
operation due to subsampling of the k-space data and
coil-speciﬁc spatial sensitivity modulation over the FOV.
The goal of parallel MRI image reconstruction is to solve
for x̃ given our knowledge of A derived from the k-space
trajectory and estimates of the coil sensitivity maps. Note
that Eq. [1] is valid for both image domain-based SENSE
(2) and k-space-based SMASH (1,14) methods. Without
loss of generalization, we focus this article on SENSE
imaging reconstruction. In general terms, Eq. [1] is an
overdetermined linear system; i.e., the number of array
coils nc, the dimension of ỹ, exceeds the number of the
pixels folding into a measured pixel, the dimension of x̃.
Using Tikhonov regularization, unfolding aliased images from an array can be formulated as an optimization
problem minimizing the following cost function (7):
x  ⫽ arg min兵储Ãx ⫺ ỹ储22 ⫹ 储L共x ⫺ x 0 兲储22},

[2]

x

where  is the regularization parameter, L is a positive
semi-deﬁnite linear transformation, and x̃0 denotes the
prior information about the solution x̃. Here 储 䡠 储2 represents the ᐉ2-norm; Ã and ỹ, respectively, are the spatially
whitened encoding matrix and observation vector (7).
ỹ ⫽ ⌽⫺1/2 y
⫺1/2

Ã ⫽ ⌽

[3]

A,

where ⌽⫺1/2 is the Cholesky decomposition of the noise
covariance matrix ⌽ among channels in an RF coil array.
Given a regularization parameter  and letting L be an
identity matrix, the solution of Eq. [2] has been derived by
Hansen (15). To quantify the noise ampliﬁcation introduced during SENSE reconstruction, we can use the geo-

metrical factor (g-factor) as the ratio of the noise levels
between the regularized parallel MRI reconstruction and
the original full-FOV image, normalized by the acceleration rate (2). We have previously derived the g-factor for
regularized reconstructions (7).
Estimation of Regularization Parameter by Variance
Partitioning Regularization (VPR)
Here we propose to estimate the regularization parameter
by partitioning the singular value spectrum of the noise
whitened encoding matrix into “signal” and “noise” parts
in order to match the estimated SNR of the measurements.
Qualitatively, when the encoding matrix consists of noisy
transformation, more dependency on the prior information
of the solution (and thus a larger regularization parameter)
can improve the robustness of the solution. This corresponds to partitioning the encoding matrix into few dominant singular values/vectors in the “signal” part and the
majority of others in the “noise” part. On the contrary, if
the encoding matrix consists of stable and low noise transformation, credible RF array observations can be used
directly to solve for the spin density distribution without
being biased toward prior information. This corresponds
to a scenario with a small regularization parameter and the
majority of singular values/vectors in the encoding matrix
are partitioned into the “signal” part. In summary, the
decomposition of the encoding matrix can thus be coupled
to the SNR of the measurement in regularization parameter
estimation.
To implement this concept, we must ﬁrst estimate a
scalar SNR of the aliased pixel set from all channels in the
RF coil array before estimating a scalar regularization parameter. In fact, the whitening procedure in Eq. [3] transformed the measurements from all channels of the array
from signal amplitude into noise-normalized signal amplitude, since the data from all channels were divided by a
pre-whitening matrix, which is essentially the estimated
noise level in a matrix formulation. After whitening, data
from all channels of the array were in an SNR-like unit.
Thus, the maximum across whitened measurements can
be considered the “peak” SNR, and the average across
them can be considered the “averaged” SNR. We propose
to estimate a scalar peak SNR (pSNR) across channels in
the array from whitened observations as:
pSNR⬇max兵diag共ỹỹH 兲其 ⫺ 1.

[4]

Here diag(䡠) refers to taking diagonal entries from a matrix.
And max{䡠) refers to searching for the maximal value from
the input vector.
Alternatively, we may provide an estimate of average
SNR (aSNR) across channels in the array from whitened
observations as:
aSNR ⬇ 共ỹH ỹ兲/nc ⫺ 1,

[5]

where nc is the number of channels in the array.
Given either pSNR or aSNR, we estimate the regularization parameter from the power spectrum of the singular
values Sii of the whitened encoding matrix Ã by searching
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the singular value with index k such that the following
cost function is minimized:
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We term the methods giving pSNR and aSNR as pSNR-VPR
and aSNR-VPR, respectively. Note that the regularization
parameter here is estimated directly without iterative calculation, the most time-consuming process in the L-curve
approach. Since aSNR ⱕ pSNR, pSNR ⱕ aSNR. The partitioning of singular value variance is illustrated in Fig. 1.
MATERIALS AND METHODS
Static Anatomical Image Experiment
We attempted to evaluate the computational efﬁciency and
the variability of the regularization estimates by the VPR
algorithm and to compare it to the L-curve algorithm.
Using Monte Carlo simulations for VPR reconstructions,
we used an 8-channel head coil array conﬁguration consisting of 8 circular RF coils of 10 cm diameter. We positioned the individual circular RF coil circumferentially
and equidistantly to cover a square FOV of 220 mm. We
calculated the B1 ﬁeld maps of individual RF coils in the
array based on the Biot-Savart’s law that assumes a unit of
current on each coil. In each channel of the array we
multiplied a transverse slice anatomical image pixel-bypixel by the simulated B1 ﬁeld to simulate the “signal” of
an acquisition. The anatomical image was acquired from a
3T scanner (Siemens Medical Solutions, Erlangen, Germany)
equipped with an 8-channel linear phased array coil that
wraps around the head circumferentially. After obtaining
approval from the Massachusetts General Hospital Institutional Review Board and informed consent, we used a 3D

MPRAGE sequence to scan healthy subjects. The MPRAGE
sequence parameters were TR ⫽ 500 ms, TE ⫽ 3.9 ms, ﬂip
angle ⫽ 20°, slice thickness ⫽ 1.33 mm, 48 slices, FOV ⫽
210 ⫻ 210 mm, and image matrix ⫽ 256 ⫻ 256. Assuming
minimal correlation among the channels in the RF array, we
synthetically created acquisition “noise” for each channel by
using a spatially uniform and uncorrelated Gaussian random
noise model. In order to match to the SNR described in the
derivation of VPR, the noise was linearly scaled such that the
ratio between the top 1% of the power of simulated “signal”
and the power of simulated “noise” equaled the speciﬁed
SNR. Note that here SNR denoted power SNR rather than
amplitude SNR. The simulated power SNRs varied between
100, 1000, and 10,000 (amplitude SNR of 10, 32, and 100,
respectively). Each simulated acquisition was created for the
128 ⫻ 128 image matrix. At each simulation we used the
pSNR-VPR and the L-curve methods to repeatedly calculate
the regularization parameter at each frequency-encoding step
with acceleration rates (R) of 2, 3, and 4 for 20 iterations,
respectively. Additionally, we also calculated the regularization parameter using aSNR-VPR in each simulated power
SNR in order to compare the reconstructions between aSNRVPR and pSNR-VPR. To assess the computational efﬁciency
of the regularization parameter estimation at different image
matrix sizes, we resized the simulated data into 256 ⫻ 256,
128 ⫻ 128, and 64 ⫻ 64 image matrices. To quantify the
reconstructions we calculated the variance of the residual
image between the reconstruction and the original fully sample data in order to evaluate the severity of the image artifact.
In anatomical scans, practically we do not have prior
information of the identical spatial resolution to the ﬁnal
reconstructed image. Thus, we also calculated the reconstruction regularized to a lower spatial resolution prior,
which can be acquired from only a fraction of the central
part of the k-space. For the reconstructed image matrix of
128 ⫻ 128, we parametrically changed the prior spatial
resolution as 4 ⫻ 4, 8 ⫻ 8, 16 ⫻ 16, 32 ⫻ 32, and 64 ⫻ 64,
respectively, in the 4-fold accelerated reconstructions using pSNR-VPR to study the effect of low spatial resolution
prior.
The coil sensitivity maps required for SENSE reconstruction were estimated from a fully sampled dataset with
a local polynomial ﬁtting algorithm (2). All image reconstruction and regularization parameter estimations were
performed on a Linux system with Pentium 4 2GB dual
processors and codes written in MATLAB (MathWorks,
Natick, MA).
Dynamic fMRI Experiment

FIG. 1. Partitioning of the singular value spectrum of the encoding
matrix to estimate the regularization parameter based on the SNR of
the aliased pixels.

The fMRI experiment used the same 3T scanner and
8-channel head array as the anatomical experiment described above. With the approval from the MGH Institutional Review Board and informed consent we acquired
echo-planar images (EPI) from healthy subjects. For simulations, baseline EPI images were collected with a 2D
gradient echo EPI sequence (TR ⫽ 2000 ms, TE ⫽ 50 ms,
ﬂip angle ⫽ 90°, slice thickness ⫽ 5 mm with 0.5 mm gap,
14 slices, FOV ⫽ 192 mm ⫻ 192 mm, and image matrix ⫽
64 ⫻ 64). The amplitude SNR of the EPI image was calculated from the root-sum-of-squares of EPI images combined from all channels of the RF array by the ratio be-
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tween image intensity and background standard deviation.
In the simulations we synthetically created time series of
100 images (8). Using zero-mean Gaussian noise, we adjusted the variance (estimated across timepoints) for all
voxels such that the spatial distribution of amplitude SNR
of all voxels matched the spatial distribution of the estimated amplitude SNR in baseline EPI measurements. The
fMRI simulations generated different realizations of the
noise at each timepoint. Each simulated fMRI time series
consisted of 50 baseline images and 50 active images.
BOLD contrast was ﬁrst simulated at a spatially clustered
region-of-interest (ROI) in the right hemisphere visual cortex (8-pixel-by-8-pixel, 576 mm2). Here we varied two
parameters in our numerical simulations: ﬁrst, we changed
BOLD contrasts parametrically from 1%, 2%, and 5–10%;
second, we changed the SENSE acceleration rates from
2-fold and 3-fold to 4-fold. Both regularized and unregularized SENSE reconstructions were calculated to restore
the unaliased full-FOV fMRI time series.
To validate and to compare VPR reconstructions in
fMRI, we used the “fractional principle singular value
(fPSV)” method to estimate the regularization parameters.
The fPSV approach used a ﬁxed fraction (1/20) of the ﬁrst
singular value of the encoding matrix as the regularization
parameter (14). Reconstructions of unregularized, fPSV
regularized, aSNR-VPR, and pSNR-VPR were all calculated.
For in vivo fMRI experiments we used a 4-Hz checkerboard visual stimulus presented by E-PRIME (Psychology Software Tools, Pittsburgh, PA). The visual stimulus
was designed to display either continuous ﬂashing
checkerboards at 4 Hz for 30 sec (the “on” condition), or
ﬁxation cross only for 30 sec (the “off” condition). Four
“off” and three “on” conditions were alternatively presented to each subject, starting with the “off” condition.
Image acquisition used a 2D gradient echo EPI sequence
with parameters of TR ⫽ 1500 ms, TE ⫽ 30 ms, ﬂip
angle ⫽ 90°, slice thickness ⫽ 5 mm with 1 mm gap, 24
slices, FOV ⫽ 200 ⫻ 200 mm, and image matrix ⫽ 64 ⫻
64. We employed interleaved 4-segment EPI to obtain
4-fold acceleration.
Both the simulations and fMRI experimental data were
reconstructed by the “in vivo sensitivity” SENSE reconstruction method (14), which estimates the dynamic
change of the ratio of the spin density in each SENSEreconstructed scan over that in a reference scan with full
phase-encoding. The reference scans were derived from
combining interleaved EPI segments (8). To compare reconstruction results, we calculated SENSE reconstructions
of each image using L-curve regularization and aSNR-VPR.
We used the AFNI software package (http://afni.nimh.
nih.gov/) (25) for subsequent motion correction of interscan head motion by registering each reconstructed EPI
volume to the mean of its time series with a linear 6-parameter rigid-body transformation model. We applied a 3D
Gaussian ﬁlter (full-width-half-maximum, FWHM, of
6 mm in all dimensions) to each volume in the time series
for spatial smoothing. Finally, we performed a t-test (26)
on the reconstructed SENSE fMRI to contrast the “on” and
the “off” conditions.
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RESULTS
Variability of Regularization Parameters
Figure 2 shows one realization of the sum-of-square combined images from all channels in the RF array and one
representative RF coil image around the temporal lobe at
power SNRs of 100, 1000, and 10,000. The variability of
estimated regularization parameters using pSNR-VPR, aSNRVPR, and L-curve algorithms at different simulated power
SNRs across frequency-encoding steps is shown in Fig. 3.
Note that in general the pSNR-VPR method provided smaller
regularization parameters than the L-curve method. Among
realizations of the simulated data in each power SNR, the
variability of regularization parameters estimated by the Lcurve method was much greater than that by the pSNR-VPR
method. Note that aSNR-VPR estimated similar regularization parameter to the L-curve results at high acceleration
rates (⬎3⫻ acceleration) and low-power SNR (power SNR ⫽
100). At higher power SNR and smaller acceleration rate,
pSNR-VPR and aSNR-VPR results were similar. We found
that at either end of the frequency-encoding steps L-curve
and VPRs reported larger variability on the estimated regularization parameters, potentially due to low-intensity air
regions in the image and associated low SNR in these areas.
Table 1 reports the median of the ratios between the mean
and the standard deviation of the estimated regularization
parameters across simulations using L-curve and pSNR-VPR
methods at different power SNRs. We chose to report median
rather than mean values in order to provide more robust

FIG. 2. One realization of the sum-of-square combined image and
the single channel RF coil image around the temporal lobe at power
SNR ⫽ 100, 1000, and 10,000.
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FIG. 3. Regularization parameters at different frequency-encoding steps using L-curve regularization (blue trace), pSNR-VPR (red trace),
and aSNR-VPR (pink trace) at 2-fold, 3-fold, and 4-fold SENSE accelerations. The solid lines are the averaged regularization parameters
in 20 repetitive simulations. The dashed lines show the estimated regularization parameters with ⫹1 and ⫺1 standard deviation on top of
the average in 20 repetitive simulations.

assessment of the variability around the center of the FOV,
without being biased from the high variability around either
end of the frequency steps. Compared to L-curve, pSNR-VPR
signiﬁcantly reduced the variability of the regularization parameter from between 7% and ⬇30% to 1% or less. On
average, pSNR-VPR was associated with 10-fold or greater
improvement in the variability of estimated regularization
parameters.
Computational Efﬁciency
Table 2 lists the times required to estimate regularization
parameters at different image matrix sizes and SENSE acceleration rates. Note that the time required for regularization
parameter estimation grows nonlinearly with image matrix
size, independent of the regularization parameter estimation
approach used. The combination of larger image matrix and
smaller acceleration rate requires more time to estimate the
regularization parameter because the number of aliased pixel
sets is larger. At higher acceleration rate, we found that less
time was required for regularization parameter estimation,
potentially because fewer data samples were used in the
calculation. When image matrix size and SENSE acceleration

rate were equal, pSNR-VPR took less time than the L-curve
approach. The computational time saved for regularization
parameter estimation by the pSNR-VPR approach may be as
high as 2–5-fold, depending on the image matrix size and

Table 1
Variability of the Estimated Regularization Parameter Using
L-curve or pSNR-VPR
Power SNR

R

L-curve

pSNR-VPR

10,000

2
3
4
2
3
4
2
3
4

7.35%
8.86%
10.84%
7.47%
16.71%
17.76%
8.25%
16.84%
33.63%

0.19%
0.22%
0.17%
0.17%
0.20%
0.21%
0.19%
1.77%
0.26%

1000

100

Here variability was deﬁned as the ratio of the standard deviation
over the mean of estimated regularization parameter. To avoid the
bias from high variability around air regions in the image, we reported the median of the ratios across frequency-encoding steps.
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Table 2
Computational Time for Regularization Estimation Using Either
pSNR-VPR or L-curve Approach for 256 ⫻ 256, 128 ⫻ 128, and
64 ⫻ 64 Image Matrix at 2.0-fold, 3.0-fold, and 4.0-fold SENSE
Accelerations
SENSE
acceleration

Image
matrix

2.0

64 ⫻ 64
128 ⫻ 128
256 ⫻ 256
64 ⫻ 64
128 ⫻ 128
256 ⫻ 256
64 ⫻ 64
128 ⫻ 128
256 ⫻ 256

3.0

4.0

pSNR-VPR L-curve
(sec)
(sec)
0.94
13.75
353.70
0.72
11.17
342.08
0.67
10.55
275.70

5.04
31.06
594.63
2.65
23.07
614.86
2.51
21.06
405.57

Computational
time with
respect to
L-curve
19%
44%
59%
27%
48%
56%
27%
50%
68%

The computational efﬁciency of pSNR-VPR and aSNR-VPR are
identical.

SENSE acceleration rates. Signiﬁcant improvement in computational efﬁciency was observed in cases of small matrix
size (64 ⫻ 64 image matrixes). Since aSNR-VPR and pSNRVPR only differ at the partitioning point in the singular value
spectrum of the whitened encoding matrix, the computational efﬁciency of both VPR alternatives is identical.
Anatomical MRI
Figure 4 shows the SENSE-reconstructed images using
either no regularization or regularization parameters esti-

mated by the L-curve, pSNR-VPR, and aSNR-VPR methods. At 2-fold acceleration, all reconstructions (unregularized, L-curve, and VPRs) yielded satisfactory reconstructions at high-power SNR (power SNR ⱖ1000). At lower
power SNR (power SNR ⫽ 100), unregularized reconstruction showed noisy reconstruction at the center of the FOV.
At 3-fold acceleration, unregularized reconstructions were
noisy at power SNRs of 100 and 1000. Compared to the
unregularized reconstructions, either L-curve or VPR reconstructions showed improved image quality. Note that
because smaller regularization parameters were employed,
pSNR-VPR reconstructions were noisier than L-curve reconstructions. However, using aSNR-VPR, the reconstruction is similar to that using the L-curve regularization,
particularly at low-power SNR simulations at high (3-fold)
acceleration rate. At 4-fold acceleration, unregularized results were too noisy to discern anatomical structures; however, reconstructions regularized by L-curve, aSNR-VPR,
and pSNR-VPR did show anatomical structures. Again,
aSNR-VPR used a higher regularization to suppress more
noise than pSNR-VPR and thus the reconstruction was of
higher quality. The variances of the residual images between the reconstructions and the fully sampled image are
also reported in Fig. 4. These error metrics quantitatively
validated the improved reconstruction of aSNR-VPR described above. Figure 5 shows the regularized reconstructions at lower SNR (power SNR ⫽ 100) and high (4-fold)
acceleration. We found that the L-curve reconstruction
showed variable reconstruction quality across frequencyencoding steps. This is due to the nonsmooth estimated

FIG. 4. (top) The reconstructed SENSE images using L-curve regularization, pSNR-VPR, and aSNR-VPR at 2-fold, 3-fold, and 4-fold SENSE
accelerations. (bottom) The same reconstructed image magniﬁed around the temporal lobe. The variance (2) of the residual image between
a reconstruction and the fully sampled image was also reported.

VPR SENSE

FIG. 5. Details of the L-curve, pSNR-VPR, and aSNR-VPR reconstructions at power SNR ⫽ 100 and 4-fold acceleration. The noticeable discontinuity across frequency-encoding steps in the L-curve
reconstruction is marked with arrowheads.

regularization parameter shown in Fig. 3. pSNR-VPR reconstruction was continuous across frequency-encoding
steps, but the overall image quality is more noisy due to
low regularization parameters. aSNR-VPR reconstruction
showed smooth and low-noise reconstruction due to a
higher regularization than pSNR-VPR.
The results of pSNR-VPR reconstructions using lowresolution priors are shown in Fig. 6. We observed that for
4-fold accelerated data with high SNR (power SNR ⫽ 104),
even prior with 1/8 spatial resolution of the ﬁnal reconstructed image can make basal ganglia distinguishable
compared to the noisy unregularized reconstruction. Priors with 1/4 spatial resolution of the ﬁnal reconstructed
image made dramatic improved reconstructions in low,
intermediate, and high SNRs (power SNR ⫽ 102, 103, and
104, respectively). The error metrics are also shown in Fig.
6, corresponding to a monotonically decrease of the reconstruction error as either power SNR or prior spatial resolution increases. We noticed that providing low-resolution
prior led to reconstructions with noticeable aliasing artifacts. This is because the prior did not contain high kspace data, and therefore biasing toward the low-resolution prior caused suppressed the reconstructions at the
skipped k-space lines during the accelerated scans.
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the pSNR-VPR method was observed in BOLD contrasts
ranging between 1% and 10%. One reason to account for
these ﬁndings is that the suppression of the noise superseded the suppression of dynamic contrast in regularization, leading to a ﬁnal improved CNR quantiﬁed by the
t-statistics. This matched our previous study using the
L-curve regularization to provide improved fMRI sensitivity (8). Even though showing improved detection compared to the unregularized reconstructions, the fPSV
method did not provide the optimal regularization parameter to maximize the t-statistics. Both aSNR-VPR and
pSNR-VPR are data-driven approaches. Thus, they are
both adaptive to the quality of the acquisitions and the
resultant regularized reconstructions showed even more
improved detection power compared to fPSV.
Figure 8 shows the t-statistics maps of the in vivo visual
fMRI experiment overlaid on the EPI-averaged images. Six
slices covering the occipital lobe visual cortex activations
for four subjects are shown at 4-fold SENSE accelerations
using L-curve, aSNR-VPR, and fPSV reconstructions. Statistically signiﬁcant functional activations in the visual
cortex were detected for all subjects. Comparable sizes of
functional areas were identiﬁed by L-curve and aSNR-VPR
reconstructions. fPSV reconstructions show reduced functional activation.
DISCUSSION
In this article we propose a computationally efﬁcient and
robust approach for regularization parameter estimation.
Previously, it has been shown that regularized SENSE
imaging reconstruction can reduce noise ampliﬁcation attributable to an ill-posed encoding matrix (7). Such singularity primarily derives from the geometrical arrangement of
the array coil and reduced data acquisition, and it leads to
signiﬁcant uncertainty about the estimated spin density. Recently, we showed that regularized SENSE reconstruction is
helpful for improving the detection power of the fMRI experiment, particularly when SENSE acceleration rate is high (8).
Regularization is thus desired to improve SENSE reconstruc-

Functional MRI
In dynamic imaging, dependency on prior information can
reduce image contrast, while regularization can reduce
noise level. Here we investigated the overall consequence
of contrast-to-noise ratio (CNR) of regularized reconstructions in dynamic fMRI experiments. Figure 7 shows simulations of t-statistics maps using SENSE acquisition and
regularized reconstructions overlaid on a fully sampled
EPI data. Note that all SENSE reconstructions at 2-fold and
3-fold accelerations were able to detect the implanted active region. We found that regularized reconstructions by
aSNR-VPR, pSNR-VPR, or fPSV outperformed the unregularized reconstructions. Furthermore, both aSNR-VPR and
pSNR-VPR regularized reconstruction had improved detection sensitivity compared to fPSV. At 4-fold acceleration the detection power of the unregularized reconstruction dropped signiﬁcantly. On the contrary, pSNR-VPR,
aSNR-VPR, and fPSV regularized reconstruction can maintain detection at 4-fold acceleration and showed reduced
false-negative detection. The increased detection power of
regularized SENSE reconstruction using either the fPSV or

FIG. 6. Four-fold unregularized and pSNR-VPR reconstructions using different low-resolution priors at different SNRs. The variance
(2) of the residual image between a reconstruction and the fully
sampled image is also reported.
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FIG. 7. The t-statistics maps
from the simulation using 2-, 3-,
and 4-fold SENSE accelerations
without regularization or with
fPSV regularization, pSNR-VPR,
and aSNR-VPR. The light blue
box at the right occipital lobe indicates the region of synthetic
BOLD contrast.

tions of high acceleration SENSE imaging for structural and
functional dynamic MRI experiments.
In this study, through simulations we found that the regularization parameter estimated by the L-curve method
showed higher variability across frequency-encoding steps in

simulations. The reason to use simulations is that the L-curve
is not a linear method and currently there exists no analytical
solution about its stability and sensitivity to noises. Additionally, the L-curve approach is data-dependent, since it
needs to calculate not only the prior error term but also the

FIG. 8. The t-statistics maps of visual fMRI data in 4-fold SENSE accelerations with L-curve regularization, aSNR-VPR, and fPSV
regularization.

VPR SENSE

model error term, which depends on the measurements of
accelerated MRI data and estimated coil sensitivity maps in
the context of parallel MRI. Thus, to quantitatively evaluate
L-curve’s performance, we used Monte Carlo simulations.
Monte Carlo simulation is a justiﬁed method to evaluate
nonanalytical systems utilizing the available modern computation technology (16), and it has been used in different
disciplines of neuroimaging (17–24) and our previous study
about applying the L-curve regularization in fMRI using parallel MRI acquisitions (8).
Given a ﬁxed noise level, we would expect that the regularization parameter would be roughly invariant among repetitive measurements. Nevertheless, we observed that Lcurve regularization provided a variable regularization parameter, possibly attributable to the ill-deﬁned “elbow”
region in an L-curve during regularization parameter estimation. Such difﬁculty is even more serious when the data have
lower SNR. Qualitatively, data with low SNR will likely
introduce a nonsmooth L-curve because of great variability in
both the data and prior errors. Thus, the “elbow” region of an
L-curve cannot be clearly deﬁned. It has been reported that if
the solution is “rough,” i.e., that its Fourier coefﬁcients decay
at a rate slower than or equal to the singular values of the
operator, the L-curve may fail to converge (27). However, a
pure theoretical and mathematical analysis on the noise sensitivity of the L-curve method is beyond the scope of this
study and will be further investigated in the future. From
simulations, we found that the L-curve estimated regularization parameters with higher variability, particularly in cases
of lower SNRs. In contrast to the L-curve method, VPR does
not calculate measurement-dependent error metrics after
noise whitening. Thus, we found regularization parameters
estimated by VPR to be robust across iterative measurements
in the same noise level. Using VPR for a robust estimation of
the regularization parameter does not indicate that a constant
regularization is optimal. This argument was validated by
both structural and functional data: Fig. 3 shows the varying
regularization parameters were estimated across frequencyencoded lines. And our fMRI results (Fig. 7) showed that VPR
outperformed the reconstructions using the fPSV method.
These results suggested that a regularization method adaptive to the quality of the acquired data, rather than a constant,
can provide improved reconstructions. However, the instability and sensitivity of the L-curve method is a challenge, as
indicated by Fig. 5. We proposed the VPR alternatives to
mitigate this issue.
Compared to the L-curve approach, the VPR method
presented in this work demonstrates computational efﬁciency at different image matrix sizes and SENSE acceleration rates. The accelerated regularization estimation process is derived from direct partitioning of the singular
value spectrum. Unlike the L-curve approach, such partitioning does not involve an iterative search process to
calculate the model error and prior error. The estimation
process can therefore be accomplished at once. At the
same image matrix size, we noticed that the improvement
in computational efﬁciency was comparable at all SENSE
acceleration rates. Given the estimated regularization parameter, the time to reconstruct a full-FOV SENSE image is
identical with or without regularization due to the analytic
solution written in our previous report (7). In fact, the
estimated regularization parameter can be repeatedly ap-
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plied to the dynamic measurement to keep constant bias
toward the static prior.
The proposed VPR method has been adopted in other
disciplines of regularization parameter estimation. For example, in general numerical analysis, some have suggested
the inverse of SNR as an estimate of regularization parameter (16). Others have reported using SNR as an estimate of
the regularization parameter for the source modeling of
human electroencephalography (EEG) or magnetoencephalography (MEG) data (28). Like the L-curve approach, such regularization parameter estimation is fully
automatic and is modiﬁed by the image quality of aliased
pixels. Thus, unlike the ﬁxed regularization approach reported by Sodickson (14), which uses 5% of the ﬁrst singular value, VPR adapts to data quality and can dynamically estimate regularization parameter based on the noise
level of the aliased pixel.
In this study we proposed using either aSNR or pSNR
to estimate a regularization parameter. Even though stationary anatomical images showed better reconstruction
using aSNR (higher regularization) than pSNR (lower
regularization), caution should be taken in the following
two aspects: First, an accurate prior for regularization is
desired. Practically, if the prior does not match the
model describing the generation of aliased images, for
example, motion artifacts in dynamic scans after the
acquisition of the prior image, highly regularized reconstruction may deteriorate the reconstruction quality.
This is because the regularization biases toward a solution that does not ﬁt the data. Second, in a dynamic scan
looking for a high CNR, highly regularized results may
decrease the contrast (contrast across time) more than
suppress the noise level, and thus the overall CNR decreases. The overall effect of regularization on CNR
needs more speciﬁc analysis depending on applications,
because the competing suppressions in contrast and
noise terms by regularization may either improve or
degrade the ﬁnal CNR. One scenario for using aSNR to
partition the singular value spectrum is to reconstruct
noisy parallel MRI acquisitions where the trade-off emphasizes suppression of noise level.
Employing the singular value decomposition of the encoding matrix to guide the search for optimal regularization has
been reported by other groups as well (12,13). The proposed
VPR method differs from those methods in its fully automatic
calculation, while minimal heuristic intervention is required
to deﬁne the abrupt change in singular value spectrum (13) or
a user-deﬁned constant to bound noise magniﬁcation from
the RF coil array (12). A direct extension of the VPR method
is to use the cutoff singular value determined by either pSNR
or aSNR to implement the truncated Singular Value Decomposition (SVD), setting all singular values in the “noise”
partition of the singular value spectrum to zero and thus
increasing the stability of inversion of the encoding matrix.
In this study we performed regularized reconstruction for
each individual frequency-encoded line. Mathematical analysis on the complexity of SVD computation indicates the
advantage of using a line-by-line regularization over a scalar
regularization for the whole image: The complexity of computing SVD on the encoding matrix, a necessary process to
estimate a regularization parameter using either aSNR-VPR,
pSNR-VPR, or L-curve method, is O(n3), where n denotes the
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size of the data (29). Thus line-by-line regularization has
computational complexity of m*O(m3) for a 2D image of
m-by-m voxels. However, a scalar regularization for the
whole image is of the complexity of O(m6). Following this
complexity analysis, one may postulate that it may be even
more computationally efﬁcient if we separately analyze sets
of voxels aliased to each observed voxels in the accelerated
data in each individually frequency-encoded line, since the
dimension of the aliasing voxel set ( c-by-r for c-channel and
r-fold acceleration) is even smaller than the dimension of
line-by-line regularization (m*c/r-by-m for c-channel and rfold acceleration). However, in such a case we will lose the
resolution in the power spectrum of singular values owing to
a very small dimension of the data. Consequently, we may
likely miss the optimal regularization parameter estimation
using the VPR algorithm, which select one singular values
matched the estimated data SNR. In summary, we would
argue that line-by-line regularization is both computationally efﬁcient and provides sufﬁcient resolution in the singular value power spectrum in regularization parameter
estimation.
CONCLUSION
We have presented a computationally efﬁcient and robust
approach to estimate the regularization parameter for
prior-regularized parallel MRI reconstructions. The proposed Variance Partitioning Regularization (VPR) algorithm is fully automatic and shows a signiﬁcant reduction
in computational time for different image matrix sizes and
SENSE accelerations rates. We have also demonstrated
that VPR provides more robust regularization parameter
estimation than the L-curve method. VPR can be applied to
either static structural or dynamic functional parallel MRI
acquisitions for robust and computationally efﬁcient image reconstructions with suppressed noise ampliﬁcation
and improved image quality.
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